Which Convex Bodies are Most Chiral?

Problem stated in 2012 by Herbert Edelsbrunner and Roman Karasev

Chirality from mirror images. The quantitative study of
the symmetry of convex bodies has a long tradition in ge-
ometry [3]. Here, we follow a suggestion of Buda, auf der
Heyde, Mislow and quantify the asymmetry of a convex
body using intersections with its mirror images [1]. Let B
be a compact convex body with non-empty interior in R"™.
Given a hyperplane, o, we write B’ = o(B) for the mirror
image obtained by reflecting B across p. We are interested
in the ratio of the n-dimensional volume of the intersection
of B and B’ over the volume of B. For symmetric bodies,
there exist hyperplanes for which this ratio is one, and for
others it is always less than one. To obtain a measure of how
far the body is from being symmetric, we take the supremum
over all hyperplanes and define

vol(B N o(B))

X(B) = lislz,p vol(B)

This measure of chirality is a number in [0, 1]. Tt is zero for
symmetric bodies, but it is not clear how close to one it can
be. Note that we may alternatively consider all rigid motions
of the mirror image. Taking the supremum, we define

X'(B) = 1- Sl;ltp —VOMEO?(S)(B/)) 5

where B’ is a mirror image of B and p(B’) is its image under
a rigid motion. Every reflection can be obtained by compos-
ing a fixed reflection and a rigid motion, but the converse is
not true, which implies x*(B) < x(B).

Problem statement. There are a number of questions one
can ask, about the computational complexity of computing
x and x*, about extremal properties of these measures, and
more. Keeping in mind that the motivation for the question
comes from chemistry, the most important case is n = 3.

QUESTION. What is the infimum of x over all compact
convex bodies with non-empty volume in R™? If this infi-
mum is attained, what is the solid body that attains it?

We can of course asks the same question for x*. It is not
difficult to prove that x(B) = x*(B) in two dimensions;
see Buda and Mislow [2]. Is this also true in three or higher
dimensions?

Other measures. Beyond the specific quantification of
asymmetry using the volume of the intersection with a mirror
image, we may ask for other measures.

QUESTION. What can be said about functions on the fam-
ily of compact convex polytopes in R™ that are easy to cal-
culate, have reasonable continuity properties, are invariant
under rigid motions but nof under mirror imaging?

As a possible approach one may consider a more general ob-
ject: a collection of points, p;, and weights, w;. Assuming
that the mass center is at the origin, we may write the m-th
moment as

M, = zi:wipi®"'®l?i-

m

In other words, this is a homogeneous polynomial of degree
m given by the formula M,,(z) = >, w;(p;,x)™. For-
mally, for a homogeneous polynomial &, we want to quan-
tify the condition that the SO(3)-orbits of h(z,y, z) and its
mirror image, h(—x, y, z), are distinct. It is clear that for de-
grees 1 and 2 the polynomials h(x, y, z) and h(—=z,y, z) are
always within the same SO(3)-orbit, but for m > 3 this may
be not so; see [4]. We may now interpret the above ques-
tion as a request to write down SO(3)-invariant functions
of homogeneous degree m polynomials allowing to detect
polynomials that cannot be transformed by SO(3) into their
mirror images.
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